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Game theory:
@ competitive interaction
@ economics, biology, computer science
Games for synthesis and verification:
@ proof tools (Ehrenfeucht-Fraissé games, automata on infinite
trees)
@ models of interaction (open systems, networks, protocols)

@ controller synthesis = compute a controller reliable against
system environment = compute a winning/optimal strategy .

Why using games?
@ sounds good
@ robust concepts and generic algorithms
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Outline

o Stochastic games with perfect information
@ Markov chains and probability measures
@ Simple stochastic games
@ A few results about stochastic games with perfect information

9 Stochastic games for economists
@ Games in strategic form
@ Discounted games (Shapley)
@ Undiscounted games (Mertens Neyman)

e Determinacy of Blackwell games
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Stochastic games with perfect information

rformation

Introduction

Stochastic games: played over time

= some events are controlled some are random.
—> discrete time.

= zero-sum.

Three players: Maximizer, Minimizer and Nature.
Problems:
Existence of values.

Description of (€-)optimal strategies.
Computation of values and strategies.

Hugo Gimbert Stochastic Games



Stochastic games with perfect information

erfect information

Probability distributions

S a finite or countable set. The set of probability distributions:

@(s)—{5:8—>[o,1]|25(s)—1}.

Example

| A

Random choice of an integer:

1
2n+1

S=Nand §(n) =

Throw a coin forever: § = {H, T}®.

Intuitively, all realisations in S® are equiprobable.
How to mesure probabilities of such experiments?
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Markov chain

Example

Definition (Markov chain)

Let S be a finite or countable set. A Markov chain on S is a tuple
M = (S,s0 €S,p:S— 2(S)). Atrajectory is an infinite sequence in S®.

How to measure probability of sets of trajectories?
Example: what is the probability that the number of heads minus the number
of tails is unbounded along a trajectory?
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Measuring probabilities in a Markov chain

Definition (Cylinders and events)

A cylinder is a subset of S® of type sy - - 5,S® with 59+ -5, € S*.
The set of events (Borel-measurable sets) is the smallest collection of
subsets of S® which contains cylinders and which is stable by
complementation (denoted —) and countable union.

@ E = {(xn)nen € {0,1}? | x, = 0 for infinitely many n},
x0+x1+ AXn }
- =B

o E = {limsup
@ any singleton, E = {3+Zn i =T}
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Stochastic games with perfect information Markov ility measures
Simple

Af s with perfect information

Existence of a probability measure

Theorem

For every Markov chain .# = (S,so € S,p: S — 2(S) with a finite or
countable set of states, there exists a unique probability measure IPs, which
associates to every event E C S a probability P, (E) € [0, 1], with the

following properties:

Unity: P, (8°) =1 .
0 if f

Cylindres: Py (ty---t,S®) = o 7 So , . C
p(to, t))p(t, &) - p(ta—1,tn) otherwise.

Additivity: ~ ifENF =0 thenP, (EUF) =P, (E)+Pg, (F) .

c-additivity:  Pg, (U En> = n'ﬂn Ps, (U E’”)

neN m<n
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Markov property

In a Markov chain, all knowledge about future states is given by the current
state, the past states make no difference.

Markov property: For every prefix sq - - - s, € S*, the shifted probability

measure:
. 0]
Psy.s, - E > Py, (so-+-sn-E|so---8,S)

only depends on s,.
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Reachability probabilities

Definition
Probability to access a subset T C S from an initial state sy

val(sp) = Py, (S*TS®) =Py, (3n,S, € T)
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Proposition

The reachability probabilities are characterized by:

1 ifseT
val(s) =< 0 if T is not accessible from s
Yicsp(s,t)-val(t) otherwise.

Remark

| 5\

Unique solution computable in cubic time.
Third equality holds by the Markov property.

\
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Proof of unicity

1 ifseT
val(s) =140 if T is not accessible from s
Yicsp(s,t)-val(t) otherwise.

Proof.

Let (v1(8))ses and (va(s))ses two solutions.

Let U C S the set of states s which maximize ¢ : s+ (vi(s) — v2(s)).
Forevery s € S, (vi(s) — va(s)) = Lres p(s, 1) - (v1(t) — va(t))-

Thus U contains all states accessible from U.

If U does not intersect T, ¢ is zero on U.

If Uintersects T, ¢ is zero on U.

Thus the maximum of ¢ is 0.

Thus for every state s, vi(s) < va(s).

By symetry, vy = vo. O
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Simple stochastic gam:

A about information

Outline

0 Stochastic games with perfect information

@ Simple stochastic games
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Example (The coin game)

You throw a coin, maximum three times.
You stop whenever you want.

e |f more tails than heads, you lose as many euros as there are tails.
e |f more heads than tails, you win as many euros as there are heads.
e In case of equality (one tail and one head), you win one euro.

Do you accept playing this game?
What is your strategy?
What payoff can you expect on average?
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Dynamic programming (Bellman): compute optimal choices and values in a

bottom-up fashion.
Maximize on choice nodes, average on random nodes.
Optimal strategy: choose any successor with maximal value.
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Advertising your research:

Quoting Bellman, speaking about the 50’s:

” An interesting question is, ‘Where did the name, dynamic programming,
come from?’ The 1950s were not good years for mathematical research.
(...) Hence, | felt | had to do something to shield [the Secretary of Defense]
and the Air Force from the fact that | was really doing mathematics inside the
RAND Corporation.(...) Let’s take a word that has an absolutely precise
meaning, namely dynamic, in the classical physical sense. It also has a very
interesting property as an adjective, and that is it's impossible to use the word
dynamic in a pejorative sense. Try thinking of some combination that will
possibly give it a pejorative meaning. It's impossible. | thought dynamic
programming was a good name. It was something not even a Congressman
could object to. So | used it as an umbrella for my activities.”
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General case
@ Maximizer (circles) againt Minimizer (squares)
@ Cycles in the game graph.

Example (A simple stochastic games)

No way to use dynamic programming.
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Strategies

Definition (Stochastic game with perfect information)

Simple stochastic game: G = (S, Smax, Smin; Sr, E,T,p: Sg — 2(S)) where
S is partitioned between (Smax, Smin, SR)-

Deterministic transitions: E C (Spax USmin) X S

Transition probability: p(t,s) from state s € Sg to state t € S.

Strict competition Max wants to reach T and Min does not want to.
Strategies are used by players to take decisions.

Definition (Strategies)

Strategy for Max:
function o : S*Syax — Z(S) such that 6(sg, . ..,S,)(t) >0 = (sp,t) € E.
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Probability measure associated to strategies

Definition

When players play with strategies ¢ and 7 from the initial state s then 5" ()
is the probability measure on the Markov chain with states sS* and transition
probabilities induced by the two strategies:

o(so- ~~sn)(sn+1) if Sp € SMax
Pg " (So---SnSnt1 | So---Sn) =< T(So-*-Sn)(Snt1) if Sp € Swmin (1)
P(Sn+1 ,sn) if s, € SR .
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Simple stochastic games
A abo c g ect information

Simple stochastic games

Winning condition: event W C S®

The maximizer wants to maximize the probability PS"* (W).
The minimizer wants to minimize the probability P§** (W).

Simple stochastic games: target vertices T C S.

W=8TS?={3neN,S,eT} .
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Value of a game

Who should choose his strategy first?

Definition

The inferior and superior values of a state s € S are:
val,(s) = supir;f]P’g” (W) (Max chooses first) ,
(o2

val*(s) = irgfsup]P’?”(W) (Min chooses first) .
o

val, <val*

Theorem (Martin, 81)

Whenever W is Borel measurable, these two values are equal. This defines
val(s), the value of the game (from state s).

True in a more general framework.
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Simple stochastic games

@ A simple stochastic game has a value.
@ This value is realized by simple strategies called positional strategies.
@ This value is computable.
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Proposition

The inferior val,. : S — [0,1] and superior values val* : S — [0, 1] are solution
of the system:

1 SiseT,
v(s) = m.ax(sJ)eg v(t) I:fS € SMax
min(s ek V() ifs € Syin

Yicsp(t,s)-v(t) ifs€Sg .

In general, several solutions.

Hugo Gimbert Stochastic Games



Stochastic games with perfect information

ct information

Markov decision processes

Markov decision processes: Syin = 0 thus the minimizer has no control on
the play, and
val(s) = supP¢ (3n, S, €T) .
(o)

The vector (val(s))scs is the optimal solution in [0, 1] of the LP:

minimize Y v(s)

s€S
Vs € Syiax, ¥(s,t) € E, v(s) > v(t)
Vs € Sg, v(s)=) p(s,t)-v(t)
tes
VseT, v(s) =1

The set U of vertices s where the difference val*(s) — v(s) is maximal is
closed by moves of player Max as well as probabilistic transitions. O
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Proposition
In a Markov decision process, values are computable in polynomial time.

Question: once the values are computed, is it easy to compute an optimal
strategy?
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Proposition

In a Markov decision process, values are computable in polynomial time.

Question: once the values are computed, is it easy to compute an optimal
strategy?

Canonical optimal strategy: from state s, choose randomly between all
successors f such that val(s) = val(t).

Proof.

E¢ [val(Sp)] is constant equal to val(s). Aimost-surely, either a target state or
a state with value 0 is eventually reached. O
Example
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Strategy improvement algorithm

Algorithm

@ Start with an arbitrary positional strategy G : Spax — S.
@ Repeat
e Foreachs €S, compute

val(op)(s) =P (3ne N, S, €T) .

o For each state s, switch op(s) to a successor vertex 6,1 (t) maximizing
val(a,)(t).

© until no switch is required.

Correctness: for every s, val(op)(s) < val(oy)(s) < val(cp)(s)... with strict
inequality on one state at least. Finite number of positional strategy.

Remark

Pros: easy implementation, no need to use linear programming.
Cons: exponential in the worst case (Condon et Melekopoglou, 1994).
( Open ?) prob/em find an algor/thm to so/ve Markov decision processes
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Two-player case

Definition (Positional strategy)

Strategy 0 : $*Syax — Z(S) is

pure if o : S*Spax — S,

stationary if & : Spax — 2(S),

positional it it is both pure and statinary ¢ : Syax — S.

Theorem (Existence of optimal positional strategies)

In every simple stochastic game, there exists positional strategies
o : Swmax — S such that for every strategies o, T,

PS™ (3n,8,€T) < P97 (3n,8,€T) < P (An,S,eT) .

The common value is val(s) := val.(s) = val*(s).
These strategies are optimal.
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Definition of 77 in state s € Sy, choose a successor 7 (s) with minimal
value:

L(t%(s)) = min val.(f) .
val, (77 (s)) (ST;QEva (1)

Definition of 67 in state s € Syax choose with uniform probability between
all successors of maximal value.

(67 (s)(t) > 0) <= val*(t) = (n;/r;lé(Eval*(t’) .

# o#
Let v(s) =P " (3n,S, € T). We show that for every o, 7,

P (30,5, € T) < i(s) < v'(s) <P (3n, S, €T) .
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Start with proving:

P (3n, S, € T) < val,(s) .
For n € N let:

ES™ val.(Sy)] = ¥ val.(s)-PST (S =)

ses

Be s, € Syax OF Sp € Swin OF Sy € Spg,
]E;’*‘# [val.(Spi1) | Sn = sn] < vali(sp) -
Consequently:
o7 ot [ .
PS™* (3n,S, € T) <ES [Ilmlnfval*(s,,)}
n

<lim inng’T# [val.(Sp)]
n

<val.(s) .
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Proof.
Now we show: .
PZ"*(3n,S, € T) > val*(s) .

First,
PS* 7 (3n, S, € T|Vn,val*(Sp) > 0) =1 . @)

ForscS,letf(s) = infTIP’g#’T(EIn, S, € T| Vn,val*(S,) > 0).

Let U= {s € S| val*(s) > 0 and f(s) minimal}.

Then U is stable by 6# and probabilistic transitions.

As a consequence, U contains a target vertex and f has value 1 on U.
Then, for every s, € Syax Or S, € Swin Or Sy, € Sg,

# * .
ES™ " [val*(Sps1) | Sn=sn] > val*(sy) - 3)
Consequently:

PZ"" (3n, Sp € T) 2 BZ"* (¥n,val’(Sy) > 0)

> Eg#»f limsupval*(S,)
n
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Finally, we have shown that for every o, 7,

PS" (3,8, €T) > vi(s) .

The strategy 6% : Spax — 2(S) is stationary but not pure. To complete the
proof, one has to turn 67 to a positional strategy 6## : Spax — S Which
guarantees the same payoff, an easy exercise. .. O

v
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Proof.

Finally, we have shown that for every o, 7,
PS" (3,8, €T) > vi(s) .

The strategy 6% : Spax — 2(S) is stationary but not pure. To complete the
proof, one has to turn 67 to a positional strategy 6## : Spax — S Which
guarantees the same payoff, an easy exercise. .. O

| \

Remark

This theorem was proved in a more general setting by Gillette (1957) using a
wrong Tauberian theorem, then corrected by Liggett et Lippman (1969) using
a wrong argument, and eventually proved by Bewley and Kohlberg (1978). . .
—> double check proofs of game theoretists.

A\
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Strategy enumeration

Proposition (Computing best response)
For every positional strategy o : Syax — S, one can compute

val(o)(s) = ir;f]P’g’T (3n,S,€T)

in polynomial time.

Enumerate all positional strategies and choose the best one.

Other known algorithms have the same complexity in the worst case.

Proposition (Condon)

Deciding whether val(s) > 3 is in NP N co-NP.

Is this decision problem in P?
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Beyond reachability games

Every Borel-measurable event W C S® defines a class of stochastic games.

@ Parity games: states labeled by priorities ¢: S — {0,...,d} and

W = {limsupc(s,) is even }
@ Positive average games: states labeled by rewards r : S — R and

(s0)+--+r(sp) <
n+1 -

_ r
W = {limsup

0}

@ Exotic games: W = "the play is ultimately periodic”.
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A link with parity games

Proposition (Jurdzinski)

Deciding whether the winner in a parity game is in UP N co-UP.

Is this decision problem in P?

This question is easier to answer for parity games than for simple stochastic
games.

Reduction of a parity game to a simple stochastic game:
@ a state with a high good priority d goes with high probability py to a
target state.
@ a state with a high bad priority d goes with high probability to py an
absorbing sink state.

If the probabilities py are well chosen, the parity game has positive value if
and only if the simple stochastic game has positive value.
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Yesterday

No player: Markov chain, linear equations.
One player: Markov Decision Problem, linear programming.
Two players: Simple Stochastic Games, strategy enumeration.
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0 Stochastic games with perfect information

@ A few results about stochastic games with perfect information

Hugo Gimbert Stochastic Games



Stochastic games with perfect information ty measures

A few result ou{ stochastic games with perfect information

Pure strategies for games with perfect information

Theorem (Corollary of the second Martin theorem)

For every stochastic game with perfect-information and a Borel-measurable
objective W C S® and pure strategies are sufficient:

val.(s) = sup inf P$"* (W) = inf sup Pg" (W) =val(s) ,
c T T o

Remark

Existence of the value and €-optimal strategies: for every € > 0 there exists
O¢ Such that for every 7,

PJeT (W) >val(s)—¢€ .

What about. . .
@ the existence of (0-)optimal strategies?
@ the memory needed by optimal strategies?
@ the computability of the values?
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A few results abou{ stochastic games with perfect information

A transfer theorem

Theorem (G.,Zielonka, 07)

Let W C S be a winning condition such that in every Markov decision
process equipped with W or S® \ W, the maximizer has an optimal positional
strategy.

Then in every stochastic game with perfect information and winning condition
W, both players have optimal positional strategies.

@ transfers positionality from one-player games to two-player games.

@ applies to positive average games, parity games, reachability games
and many others.

Hugo Gimbert Stochastic Games



Stochastic games with perfect information

A few results abou{ stochastic games with perfect information

A sufficient criterion for positionality

Definition
A winning condition W C S® is submixing if for every sequence
Wp, Wy, We, . .. of finite non-empty words of S*,

— WoW{WoW3W4aWs:-- ¢ w .
WiW3Ws - - - € w

{WOW2W4"' ¢ w

Mixing two losing plays gives a losing play.

Definition
W is tail if for every u € S®, u € W iff some suffix of uis in W.

Theorem (G. 07)

If W is both tail and submixing then in every Markov decision process
equipped with W, the maximizer has a positional optimal strategy.

Applies to positive average games, parity games, reachability games and

gV Olne
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A few results abou{ stochastic games with perfect information

About tail games

Theorem (G., Horn, 10)

In every stochastic game with perfect information and a tail winning condition,
both players have (0-)optimal strategies.

Proof.

For ¢ sufficiently small, an €-optimal strategy can be transformed into an
optimal strategy. O

Theorem (G.,Horn, 10)

Let W be a tail winning condition.

Supppose there exists an algorithm to decide in every W-game whether
player Max has a strategy to win with probability 1 (almost-surely).

Then values of W-games are computable.

Moreover no more memory is required for playing optimally than for winning
with probability 1.
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9 Stochastic games for economists
@ Games in strategic form
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Games in strategic form

@ Matrix games, one-shot games, popular in economics.
@ Emile Borel and John von Neumann.

Definition

Set of actions / for player 1 and J for player 2. Matrix of payoffs (a;)ic jcy-
How to play:

@ simultaneously, player 1 chooses action i € / and player 2 chooses
actionj e J

@ then player 1 gives a;; to player 2.

Example

W -
o i~
[
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Mixed strategies

L
T2 —1
Blo 1

@ What maximal payoff can player 1 expect?
@ Playing always the same action is a bad idea.
@ Player 1 plays T with probability pr and B with probability pg = (1 — pr).
| L A |
pr-T+ps-B|2pr —pr+(1—pr) |

Q Ifpr= % then player 2 is indifferent between L and R.
Similarly, if p, = % then player 1 is indifferent between T and B.

@ Then strategies x = (1, 2) and y(3, 1) form an equilibrium with payoff
1

5-
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Borel-von Neumann Theorem

For every matrix A € R/

sup inf x'-A-y= inf sup x'-A-y .
x€P(1)YEZ() YEP(JI) xe 2(1)

This common value is called the value of the matrix game.
There exists optimal strategies x* and y* which realize the maxima and
minima.

Remark (Proof history)

@ First ad-hoc proof by von Neumann, topology and functional calculus.
@ Second proof Brouwer fixpoint theorem.

@ Third proof by Kakutani fixpoint theorem.

@ fFourth proof, elementary, by J. Ville “Traité du calcul des probabilités et

” o

ses applications”, “applications aux jeux de hasard”. Proof chosen by
von Neumann for his famous book "Games and economic behaviour”.
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Theorem (Borel, von Neumann)

For every matrix A € R

sup inf x'"-A-y= inf sup x'-A-y .
xez(1)y€2(J) ye2(J) xe (I

This common value is called the value of the matrix game.
There exists optimal strategies x* and y* which realize the sup and inf.

Proof.
It is sufficient to prove:

either 3y € #(J),A-y <0or3Ix € 2(I),x"-A>0.

Let C C R/ be the cone generated by columns Ci= (a,-J-),-E, and elementary
columns Cj = (1,‘=/'),'€/.
@ If (0);e; is in the cone C then one obtains y.

@ Otherwise there exists a separating hyperplane (Hahn-Banach
separation theorem) between C and (0);c/, which gives x.
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Stochastic games for economists Di:

Computation of the value

The value v of a matrix game (A ;) is the optimal solution to:

maximize v under constraints

X;i >0 (i S /)
ZX,‘ =1

i€l

Y apxi>v (jed)
i€l

Linear programming came after the result of Borel and von Neumann.
Von neumann developped the theory of duality in linear programming.
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Non-zero sum case

Equilibrium x =2-T+1.-Bandy=1-L+2-R.

Definition (Nash equilibrium)

Non zero-sum matrix game specified by two / x J matrices Ay, A>. Then
(%, ¥5) € 2(1) x 2(J) is a Nash-equilibrium if Vx € 2(1),Vy € 2(J):

xU Ay < XL Ay

xt-As-ye <xL-Asey .

No player has an incentive to deviate.
In general, arbitrary number of players.
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Theorem (Nash)
Every non-zero sum matrix game has a Nash equilibrium.

Proof.
Kakutani’s theorem.

Theorem (Kakutani)

Let S be a non-empty, compact and convex subset of some Euclidean space
E. Let¢ : S — 25 be a set-valued function on S with a closed graph and the
property that ¢ (x) is non-empty and convex for all x € S. Then ¢ has a fixed
point (x € §(x)).

\

Apply Kakutani’s theorem to:

s

906 y) 7 {(Xy) [ X Acy = maxx"- Ay and x'-A-y' = ";E,“X’-A-y”} :

Any fixpoint is an equilibrium. O

Follows previous proof of von Neumann.
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Quoted from an interview of John Nash (after translation).

—After your license, you worked for the RAND Corporation (.. .).

—Yes, for three summers. It was sponsored by the Air Force and was one of
the indirect modalities that the government was using to finance research:
instead of giving the money directly to scientists, the government was giving
money to the army, who in turn was giving money to the scientists.
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9 Stochastic games for economists

@ Discounted games (Shapley)
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Shapley: the birth of stochastic games

Definition (Stochastic games)

Two players 1 and 2 with sets of actions / and J.
Finitely many states S.
With each state s and actions i/, are associated:
@ transition probabilities to other states p(t | s,/,/).
The probability u(s,i,j) =1—=Y;p(t| s,i,j) is strictly positive, this is the
probability that the game stops.
@ the reward a(s, /,j) € R taken from player 2 by player 1.
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The discounted Big Match

Player 1 tries to predict the choice of player 2, and earns one point each time
he is right.
It goes on and on as long as player 1 predicts A.

If someday player 1 predicts B, all the future choices of both players are
bound to be the same forever: if player 1 was right (player 2 played B>), he
will be right forever otherwise (player 2 played A») he will be wrong forever.

Let 0 < A < 1 afixed continuation probability.

States S = {0*,s,1*} and actions / = {Ay, By} and J = { Az, B> }.
Rewards: a(s,-,A1) =0,a(s,-,A2) =1,a(0*,-,-) =0and a(1*,-,-) = 1.
Non-zero transition probabilities: p(s, A1,-)(s) = A, p(s,Az,B1)(1*) = A,
,D(S,A2732)(0*) =2, ,0(0*, " )(0*) =2 and p(1*’ K )(1*) =1



Stochastic games for economists
ans Neyman)

Caracterization of values

Proposition (Shapley)
The operator ® : RS — RS defined by:

o(v)(s) = val [ |a(s,i,j)+ Y p(t] s,i,)- (1) ,

L ij

has a unique fixpoint.
This fixpoint is the value of the discounted stochastic game.
Players have optimal stationary strategies.

Hugo Gimbert Stochastic Games



Stochastic games for economists

The discounted Big Match

The Shapley operator is:

¢(V)(S)—Va'([ &:()Iii‘;+--~ 1+<;l.v D

Player 1 plays top with probability 0 < x < 1.
Indifference of player 2:

Aveox+ (1 =x)=(1+A-v)-x

— x=A

= Vv=A+4+A% v = v=

1-A2"
Discounted value:

- - A A—1

| =
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Stochastic games for economists
ans Neyman)

Proof of Shapley theorem

t

9(v)(s) = val [a(s, ij)+ Y p(t] s,0.)- V(t)l ,

Proof.

The operator is contracting with factor A = maxs ;¥ p(t | s,i,j) < 1.
Unique fixpoint v;,.
Stationary optimal strategy: in state s, play optimally in the matrix game:

[a(sa ’7/)+Zp(t | S, Iv./) : V(t)‘|

i

By induction, for every n € N, this ensures payoff at least vy — A" - K over the
first n rounds. U
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Stochastic games for economists

Tarski’s theorems

Theorem (Tarski)

To any formula ®(Xi, ..., Xp) in the vocabulary {0,1,+,-,<} one can
effectively associate two objects:
i) a quantifier free formula ®(Xi, ..., Xy) in the same vocabulary,

i) a proof of the equivalence ® > ® that uses only the axioms for real
closed fields (ordered fields with no ordered proper algebraic extension,
i.e. the intermediate value property for polynomials).

Corollary (Tarski)

First order theory over (R, +, .,>) is decidable.
Semi-algebraic sets (defined by polynomial inequalities) are closed under
projection.
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Stochastic games for economists

Calculability of Shapley games

Being a fixpoint of:

o(v)(s)=val | |a(s,ij)+ Y p(t]s,ij)-v(t) ,

ij

is expressible by FOT with depth-one existential quantification.

Quantify over the existence of stationary strategies 6 : S — Z(/) and
7:S — 2(J) that ensure and defend payoff v(s) from state s. O

(070](]|F-Ta%

It is decidable in exponential time whether the value of a discounted game is
greater than 0.
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Stochastic games for economists
Uni yame Neyman)

Bewley-Kohlberg algebraic approach to Shapley games

Proposition

Replace the stopping probabilities by a discount factor0 < A < 1. Being a
fixpoint of:

92(vV)(s) = val | |(1—A)a(si,j)+2 Zt‘,p(t | 8,0,4) - v(t) :

isf

is expressible by FOT with depth-one existential quantification. Let
vy : S — R be the unique fixpoint of ¢, .

(07e](]|F-Ta%

The mapping:
A — 7}

is semi-algebraic.
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Stochastic games for economists Discounted games (Shapley)
Ur 2d gam

Puiseux series

Definition

A Puiseux series is a series with negative and fractional exponents:

Theorem (Newton-Puiseux theorem)
The space of Puiseux series is a real closed field.

A semi-algebraic function has an expansion near 0 in Puiseux series.
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Stochastic games for economists
man)

Bewley-Kohlberg algebraic approach to Shapley games

The mapping:
val: A — vy

is semi-algebraic.

limy .1 vy exists.

The mapping val has an expansion near 0 in Puiseux series over the variable
(1—A4). Because v; is uniformly bounded by maxs ;; r(s,i,j), the coefficients
of negative powers are zero. Hence the limit is the constant term of the

series. 0
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Stochastic games for economists

Outline

9 Stochastic games for economists

@ Undiscounted games (Mertens Neyman)
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Stochastic games for economists

The Big Match

Player 1 tries to predict the choice of player 2, and earns one point each time

he is right.
It goes on and on as long as player 1 predicts A.

If someday player 1 predicts B, all the future choices of both players are

bound to be the same forever: if player 1 was right (player 2 played B>), he
will be right forever otherwise (player 2 played A) he will be wrong forever.
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Stochastic games for economists

The Big Match (Gillette)

Discounted payoff.

One can check that v) = % A stationary optimal strategy for player 1

consists in playing B with probability x, = 125

Average payoff.

If player 2 plays each action with equal probability, he guarantees himself a
loss of at most } on average.

Can player 1 guarantee payoff at least 1 on average?

Problem: if player 1 plays always top, he loses. He should play bottom from
times to times. But if the probability is fixed in advance, his adversary will
simply be patient.
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Stochastic games for economists Shapley)
s (Mertens Neyman)

The big match: the solution

Theorem (Blackwell and Ferguson 68)
For every integer K, player 1 has a strategy which guarantees the payoff

K
3(K11) on average.

Proof.
After having seen the sequence of rewards apaias . .. an, player 1 plays T

with probability
1

1+max(1,M+ Y q(a—3))

with M large enough. O
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Stochastic games for economists

Mertens-Neyman theorem

Definition (Uniform value)
A stochastic game has uniform value v. if for every € > 0 there exists Gﬁ, i
and N € N such that:
@ when player 1 plays of, the average payoff after from the N-th step is
greater than v, — &,
@ when player 2 plays 7%, the average payoff after more than N steps is
less than v., + €.

Theorem (Mertens and Neyman)

A stochastic game with finite state and action space has a uniform value V...
This value is the limit of discounted values v, when A converges to 1.

1 n 1 n
liminf aj| =infsupE®® |limsu a;
h n+1,§) ’1 T oo l ; pn+1,§5 ’]

supinfE®*
o T
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Stochastic games for economists

Back to Shapley’s seminal work

A stochastic game with finite state and action space has a uniform value V...
This value is the limit of discounted values v; when A converges to 1.

Question: in the original paper of Shapley, there was no discount factor, but
stopping probabilities which depend on the current state s, while A is fixed.
What can be said when A depends on the current state?

Partial answer: when the stopping probabilities converge to 0 simultaneously
or after another, it is possible to recover parity games at the limit (de Alfaro
and Majumdar) as well as mixtures of parity and mean-payoff games
(Gimbert and Zielonka). To be continued. ..
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Determinacy of Blackwell games

Blackwell games

A, B be two alphabets and f : (AB)® — R bounded and Borel-measurable.

At step n, players 1 and 2 choose simultaneously actions a, and by,.
After play apbpai by . . ., player 2 gives f(agbpai by - - - ) to player 1.

Strategy for player 1: o : (AB)* — 2(A)

Strategy for player 2: 7 : (AB)* — 2(B)

Expected payoff: E°:7 [f] the expected value of f in the Markov chain induced
by o and 7.

Discounted games
Undiscounted games
Big Match
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Determinacy of Blackwell games

Martin’s second determinacy theorem

Theorem (Martin’s second determinacy theorem 98)

For every bounded Borel-measurable f : (AB)® — R,

supinfE®"* [f] = infsupE®* [f] .
c T T o

Corollary (Weaker form of Mertens-Neyman theorem (81))

Stochastic games with undiscounted payoff have a value:

n g n_a;
supinfE®* [Iiminf Liodi a’} =infsupE®" [Iim sup Lizod a’}
o T n n—+1 T o n n

+1

A\

Hugo Gimbert Stochastic Games



Determinacy of Blackwell games

Sketch of proof

Proof.

Reduction to a Gale-Stewart game. Assume f : (AB)® — (0, 1].
Actions of player 1: valuation h: Ax B — [0, 1].
Actions of player 2: pairs of actions A x B.

@ Player 1 chooses a valuation hg : Ax B — [0,1],
@ player 2 chooses a move agby,
@ player 1 chooses hy : Ax B— [0,1],
@ 2 chooses aiby and so on...
Let vy be arbitrary and v,1 = hn(anby).
Constraints:
o vallhp1(a,b)lapeaxs > Vat1.
@ V1 >0.
O
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Determinacy of Blackwell games

Actions of player 1: valuation h: Ax B — [0, 1].
Actions of player 2: pairs of actions A x B.
Let vo = v and V1 = hp(anbn).
Constraints:
o val[hn,1(a,b)]apeaxs > Vaii.
@ Vo1 >0.

Rule: A play is won by player 1 if and only if:

limsup v, < f(agbparbiaz---) .
n

Either player 1 or player 2 wins this Gale-Stewart game G, .

If player 1 wins G, then player 1 has a strategy o* to ensure Eo* [f]>vin
the Balckwell game.

If player 2 wins G, then for every € > 0, player 2 has a strategy t* to ensure
Eo:% [f] < v+ € in the Blackwell game.
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Determinacy of Blackwell games

Conclusion

Summary:
@ various games, various algorithmic problems
@ mathematical programming: linear algebra, linear programming, FOT.
@ general determinacy results: Martin’s theorems.

@ uniform determinacy results: Shapley, Bewley-Kohlberg,
Mertens-Neyman.

Research directions:
@ solving Markov decision processes with a simple algorithm,
@ solving Simple Stochastic Games in polynomial time,
@ Mertens-Neyman theorems for multiple discount factors,
@ explore games with partial observation and probabilistic automata. . .
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